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In this paper I produce regular subgroups of the afne group AGLn;p
containing only the trivial translation. The existence answers a question of
[LPS].
Theorem. Let p be a prime. If p = 2 then assume n = 3, or n ≥ 5. If
p is odd then assume n ≥ 4. Then the afne group AGLn;p has a regular
subgroup which contains no translations other than the identity.
In the constructions I use the embedding of AGLn;p into GLn+ 1; p
as a parabolic subgroup corresponding to the partition of n+ 1 as n; 1.
Let f v be a nondegenerate quadratic form on n−1p (there is no such f
for p = 2, n even; see the discussion below for that case), and let X be the
matrix of the bilinear form corresponding to the quadratic form
f v + f w + vXwT = f v +w (1)
for any pair of vectors v; w ∈ n−1p . If v is in n−1p then
gv =
0@ I XvT 0T0 1 0
v f v 1
1A
is an n + 1 × n + 1 marix in an n − 1 + 1 + 1 block-form. Here 0 is
the zero vector of n−1p . From 1 it follows that gvgw = gwgv = gv+w for
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any pair of vectors v; w ∈ n−1p . Hence H = gv  v ∈ n−1p  is an elemen-
tary abelian group of order pn−1. If X is nonsingular then only the trivial
translation is contained in H.
Let
h =
0@ A 0T 0T0 1 0
0 1 1
1A
be another matrix in the same block-form, with an n− 1 × n− 1 non-
singular matrix A. This normalizes H if h−1gvh ∈ H for all v ∈ n−1p . Cal-
culating the entries of the conjugated matrix shows that for the normalizing
to hold one needs:
(a) XAT = A−1X,
(b) f v = f vA for all v.
Again from 1 it follows that (b) implies (a).
Also, if
(c) A is of order p,
then h is of order p, too; hence G = h;H is of order pn. Furthermore,
gvh
k =
0@ Ak ∗ 0T0 1 0
vAk ∗ 1
1A
and the last row can be trivial only if v = 0. In that case the last row is
0 k  1; hence k = 0 is also necessary, and gvhk = 1. This means that
nontrivial elements do not stabilize the origin.
If gvhk is a translation, then Ak = I and hence k = 0. But gv is not a
translation if v 6= 0. This means that G is regular and translation-free as
required.
Finally, if n− 1 > 2 and p > 2 then there is a nondegenerate quadratic
form with a corresponding nonsingular X, and there exists a matrix A with
properties (b) and (c); hence the construction works. The same is true if
n− 1 ≥ 2 is even and p = 2.
If p = 2 and n = 2l ≥ 6 then n is a sum of two odd numbers (each
bigger than 1) and the direct product of the two corresponding regular
afne groups gives one of degree n.
Calculations performed in [LPS] show that for p = 2, n = 4 and for
p > 2, n = 3 there is no such regular subgroup. This trivially holds for
n ≤ 2, p arbitrary.
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